The properties of dense QCD matter are delineated through the construction of equations of state which should be consistent with QCD calculations in the low and high density limits, nuclear laboratory experiments, and the neutron star observations. These constraints, together with the causality condition of the sound velocity, are used to develop the picture of hadron-quark continuity in which hadronic matter continuously transforms into quark matter (modulo small 1st order phase transitions). For hadronic matter (at baryon density n B 2n 0 with n 0 0.16 fm −3 being the nuclear saturation density) we use equations of state by Togashi et al. based on microscopic variational many-body calculations, and for quark matter (n B 5n 0 ) we construct equations of state using a schematic quark model (with strangeness) whose interactions are motivated by the hadron phenomenology. The region between hadronic and quark matters (2n 0 n B 5n 0 ), which is most difficult to calculate, is treated by highly constrained interpolation between nuclear and quark matter equations of state. The resultant unified equation of state at zero temperature and βequilibrium, which we call Quark-Hadron-Crossover (QHC18 and QHC19), is consistent with the measured properties of neutron stars and in addition gives us microscopic insights into the properties of dense QCD matter. In particular to ∼ 10n 0 the gluons can remain as non-perturbative as in vacuum and the strangeness can be as abundant as up-and down-quarks at the core of two-solar mass neutron stars. Within our modeling the maximum mass is found less than 2.35 times solar mass and the baryon density at the core ranges in ∼ 5-8n 0 . arXiv:1904.05080v1 [astro-ph.HE] 
Introduction
The determination of the QCD phase structure at large baryon density has been a difficult problem. Theoretically, this is partly because the lattice Monte Carlo simulations based on the QCD action suffer from the sign problem, and partly because nuclear many-body problems are very complex due to the strong short range correlations and the channel dependence of baryon-baryon interactions. Reliable theoretical calculations are possible only for dilute matter of hadrons and very dense matter of weakly coupled quarks and gluons. Inbetween the matter is supposed to be strongly correlated. Exploring the properties of such matter is the subject of this talk.
The calculations of strongly correlated matter is theoretically difficult but we can refer to recent advancements in astrophysical and laboratory observations for help. The astrophysical observations include: (i) the discoveries of two-solar mass (2M ) neutron stars, the binary millisecond pulsar J1614-2230, with mass 1.928 ± 0.017M [1] (the original mass measurement was 1.97 ± 0.04M [2] ), and the pulsar J0348+0432 with mass 2.01 ± 0.04M [3] ; (ii) Xray analyses from neutron stars (reviewed in [4] ) indicating the neutron star radii of R = 10-13 km; (iii) the discovery of gravitational waves (GW170817 [5, 6] ) from neutron star mergers as well as the electromagnetic counterparts [7, 8] , which put the lower and upper bounds on the neutron star mass and radius. In addition there are important informations from supernovae and neutron star cooling but these topics will not be touched in this article. These astrophysical observations for 1-2M stars are most directly correlated with equations of state at the baryon density, n B 2n 0 (n 0 0.16 fm −3 ), while the domain of n B = 1-2n 0 can be accessed from the laboratory nuclear experiments including the nuclear structure at n 0 [9, 10] and heavy ion collisions [11, 12, 13, 14] in which collective flows and particle production are sensitive to equations of state used in transport calculations. We discuss how to implement these findings into our construction of equations of state.
Before directly approaching phenomenologically most relevant region, first we will outline the overall picture for cold, dense QCD matter from hadronic to quark matter region. Next we consider the empirical constraints on equations of state in the intermediate density regime where theoretical descriptions are most uncertain. Through attempts to make equations of state compatible with these constraints, we are lead to the hadron-quark continuity picture with which we consider the physics of strongly correlated quark matter and its connection to the hadronic matter beyond the purely nucleonic regime. More details about the theory can be found in our review article [15] and in a recent paper [16] . The tables for the equations of state are available on CompOSE (Compstar) repository, QHC18 [15] at [https://compose.obspm.fr/eos/139/], and QHC19 [16] at [https://compose.obspm.fr/eos/140/]. In this article we take the natural units c = = 1 for the light velocity and the Planck constant.
Outline: the picture of dense QCD matter from hadrons to quarks To outline, let us first classify various regimes with the range of baryon density. These regimes are specified by the validity range of microscopic calculations. At low enough density quarks and gluons are confined and the resultant hadrons should be good effective degrees of freedom for calculations of the matter properties. Near the saturation density the system is described as a liquid of nucleons interacting through two-and three-body forces. Those nuclear forces are fixed by nucleon-nucleon scattering data and the properties of light nuclei, and they are used as the inputs for the nuclear many-body calculations which must be non-perturbative to deal with the soft nucleonic excitations from the nucleon Fermi sea [17, 18] . The microscopic calculations reproduce the empirical saturation properties to 10-30% accuracy. One of major uncertainties come from the microscopic three-body forces as well as the treatments of three-body correlations. At n B n 0 , the two-body contributions in equations of state dominate while the three-body contribution is important but the size is by itself small. But around n B 2n 0 the overall size for two-body and threebody contributions become comparable (see for instance Table V in the paper by Akmal-Pandharipande-Ravenhall (APR) [17] ), indicating the importance of four-, five-, and more-body forces. These forces are due to the exchange of mesons which are more microscopically described as quark exchanges. With this quark exchange picture, it is natural to expect the structural changes of hadrons associated with the increasingly important many-body forces.
At very high density the equations of state should be described by weakly coupled quarks and gluons, as the typical processes involve hard momentum transfer. The soft momentum transfer processes with strong coupling are less typical and hence suppressed by the phase space factor. The perturbative QCD calculations for equations of state have been done to the three-loop order with the resummation of particular kind of graphs [19, 20, 21] . They show that the calculations do not show good convergence in the expansion of α s below µ B
3 GeV or n B 50-100n 0 . This suggests the importance of interactions which are no longer quite perturbative below n B 50-100n 0 . The matter is supposed to be strongly correlated quark matter.
The picture of the strong correlation for µ B = 1-3 GeV is also supported from QC 2 D which is the two-color version of QCD. In this theory there is no sign problem so that the lattice MonteCarlo simulations can be performed. Using relatively heavy current quark masses, seminal works studied the phase structure, equations of state, diquark condensates, Polyakov loops and so on [22, 23, 24] . Also the Landau gauge gluon propagators and vertices have been measured [25, 26] . Here we mention the difference and similarity between two-color and three-color QCD. They are very different in their dilute regimes because how to make hadrons is different. In QC 2 D the color-antisymmetric wavefunction is color-singlet and the baryons are bosons. In addition, their masses are degenerated with those of the Goldstone bosons of the chiral symmetry breaking due to the Pauli-Gursey symmetry. As a consequence the baryonic matter in QC 2 D starts with the Bose-Einstein condensate (BEC) phase of baryons. As the system enters the dense regime, however, the Pauli blocking effects acting on quarks inside of baryons anyway establish the quark Fermi sea, and the BEC changes into the BCS phase where the pairing is dominated by quarks near the Fermi surface. For the density high enough for the local color neutrality to be achieved, presumably the difference between two-color and three-color QCD is not so dramatic. With these qualifications in mind, it is worth mentioning that the lattice study for QC 2 D found that the critical temperature of the BCS phase is T BCS c = 80-120 MeV which is almost constant in the quark matter regime to µ B 3 GeV. If the conventional relation T c = 0.57∆ holds for the gap ∆, at the Fermi surface the quarks open the gaps of 175-210 MeV, the natural non-perturbative scale in QCD. In addition the study of the gluon propagator in Landau gauge found that the gluon propagators are insensitive to µ B from the vacuum to the dense quark matter regime to µ 2−color q = µ B /2 1 GeV [26] . These findings support the idea of strongly correlated quark matter for µ B = 1-3 GeV in three-color QCD. Now we assemble the preceding discussions on the microscopic nature of matter. We consider the matter by decomposing it into three windows [27, 28, 29, 30] ; the nuclear regime at n B ≤ 2n 0 ; the quark matter regime at n B ≥ 5n 0 ; and the intermediate regime for 2-5n 0 . The picture we have is illustrated in Fig.1 . At low density, n B ≤ 2n 0 , the matter is dilute and baryons remain well-defined objects, so the equations of state are described by nuclear ones. Beyond ∼ 2n 0 and to ∼ 5n 0 , it is unlikely that nucleons remain effective degrees of freedom but the density is not high enough for quarks to get deconfined from baryons. At n B ∼ 5n 0 , baryons with the radii of ∼ 0.5 fm start to touch one another, and one may expect quarks to travel among different baryons. This is where we expect the formation of the quark Fermi sea. In three-flavor matter the quark Fermi momentum is p F ∼ 400 MeV (for two-flavor matter p F is even larger).
Theoretically the most uncertain is the domain of n B = 2-5n 0 . The difficulty is largely due to the confining effects in QCD which transform effective degrees of freedom. Meanwhile phenomenologically this domain is most important in the physics of neutron stars. Fortunately the observations in the neutron star physics have improved significantly and now we have strong constraints on the properties of strongly correlated matter. For this reason we briefly review the constraints from recent neutron star observations, in particular the GW170817 event [5, 6] and associated electromagnetic counterparts [7, 8] , and then discuss the characteristic features relevant for equations of state. Also we take into account the constraints from the nuclear experiments at zero temperature and near the saturation density as well as heavy ion collisions at finite temperature and supra saturation density which are continuously improving our knowledges about the domain of 1-2n 0 .
The mass-radius relation and its implication for the QCD equations of state One of the most fundamental quantities of neutron stars are their mass-radius (M-R) relation. They can be calculated by solving the Einstein equation coupled to QCD (+electroweak) energy-momentum tensor or the equation of state. If a star is not spinning too rapidly one can use the Tolman-Oppenheimer-Volkoff (TOV) equation which is based on the spherical symmetry. Equations of state enter the TOV equation in the form of P(ε), where P is pressure and ε is energy density. The M-R relation and the equation of state has one-to-one correspondence [34] and in principle one can determine the QCD equation of state directly from observed M-R relations. In reality the measured M-R relations have errors, and we need the inversion process with weighted probability, see for instance [35, 36] .
In order to characterize the structure of neutron stars we usually discuss the stiffness of equations of state. First we begin with some terminology defined for this article. "Stiff" equations of state are those with large pressure P at given energy density ε. The stiffer equations of state generally lead to larger maximum masses and larger radii for neutron stars; the energy density attracts the material to the center while the pressure increased in the compressed matter prevents the matter to collapse. We will not use the speed of sound c s = (∂P/∂ε) 1/2 as the measure of the stiffness, because the derivative does not specify where P(ε) starts. Indeed, if we start with a very stiff initial condition for P(ε), even ideal gas equations of state with c 2 s = 1/3 can generate very large maximum masses. This happens, e.g. for a bag model for ideal gas quark matter with a small bag constant, P = P ideal − B, which produces the massive neutron star with the mass ≥ 2M when B is 56 MeV fm −3 . This example already shows how the important nuclear physics is to constrain possible scenarios. (Below we will not discuss absolutely stable quark star scenarios in which nuclear matter is regarded as a metastable state [37] .) Secondly we should specify at which region of density the equations of state are stiff. As we will see this is crucial to classify equations of state and modern observational constraints. We will use the terminology "soft-stiff", by which we mean that equations of state is soft at low density, n B ≤ 2n 0 , and stiff at high density, n B ≥ 5n 0 . For the reasons described below, equations of state leading to R 1.4 ≤ 13 km for 1.4M stars will be called "soft at low density", and equations of state leading to M ≥ 2M will be called "stiff at high density". Then the soft-stiff equations of state generate the M-R curves with the typical radii of R 1.4 ≤ 13 km and the maximum mass ≥ 2M . The terminology of the other combinations, such as "stiff-stiff", "stiff-soft", etc., should be already clear from this explanation.
It has been known [38] that the shape of a M-R curve has strong correlations with equations of state at several fiducial densities, see Fig.2 . For a light star with very low baryon density at the core, the material outside of the core is loosely bound by the gravity, so the corresponding radius, defined at the point of P = 0, is very large. For a star with slightly larger core density, the neutron star mass M is slightly larger but the core R is significantly smaller, because even slightly increased gravity can easily compress the loosely bound material. This rapid change in R for a M-R curve continues until the loosely bound material becomes very thin, and then we observe the radius of a dense matter which is dominated by a nuclear liquid at n B = 1-2n 0 where the repulsive forces are important. As a result the matter is no longer compressed substantially and this determines the overall size of neutron star radius. If a M-R curve enters this regime the curve goes vertically. Eventually the curve reaches the maximum in M at n B 5n 0 . Due to the existence of two-solar mass (2M ) neutron stars [31, 32] , equations of state at high density must be stiff otherwise they lead to the collapse of the stars before the mass reaches 2M .
At this point it should be mentioned how the characteristics of equations of state are reflected in the shape of M-R curves. For this purpose we compare the soft-stiff equations of state with the stiff-stiff ones. The soft-stiff combination leads to small radii by soft low density equations of state while the maximum mass is large; the resulting stars are very compact and baryon density tends to be high. This type of equations of state is hard to accommodate the first order phase transition in the domain 2-5n 0 ; starting with soft equations of state, the first order phase transition and the associated softening easily makes neutron stars unstable to the gravitational collapse. In contrast, the stiff-stiff type of equations of state can remain reasonably stiff even after the first order transition, and some of them can pass the 2M constraint. After the first order transition, the radius in a M-R curve shrinks rapidly and approaches the soft-stiff equations of state. In extreme case the soft-stiff type equations of state lead to the third family of stars in which the M-R curve jumps to another branch of curves [39, 40] . 
The observational constraints
The difference between the soft-stiff and stiff-stiff type equations of state can be found in neutron star radii and nuclear laboratory experiments at low energy.
The observational constraints on R 1.4 , which have been based on spectroscopic analyses of the X-rays from the neutron star surface, contain several systematic uncertainties including the distance to the source, the atmospheric composition, the assumption of black-body radiation, etc., but the current trend is converging toward the estimate R 1.4 = 10-13 km [4] . The X-ray analyses will be improved in NICER (the Neutron Star Interior Composition Explorer) experiment [41, 42, 43, 44] on the International Space Station. The NICER was launched in 2017. The NICER will remove a number of systematic uncertainties by performing the phase-resolved spectroscopy for X-rays emitted from hot spots on the neutron star surface which show periodic motion associated with the rotation of stars. It will determine R 1.4 to 1 km accuracy.
The equations of state at 1-2n 0 can be also inferred from the study of nuclear symmetry energy, J, and its slope parameter, L, at the saturation density which appears as the coefficients of the density expansion around n 0 ,
whereĒ is the energy per particle and x p is the proton fraction. The parameter L appears in the pressure in pure neutron matter at n 0 as P(n 0 , 0) = Ln 0 /3 and hence are important parameters for the M-R relation in the low mass region. The results of nuclear laboratory experiments for the neutron skin and giant monopole resonance as well as the results of many-body calculations with nuclear forces calculated from chiral effective theories are summarized in [9] . The weighted average leads to J = 31.6 MeV and L = 58.9 MeV with the error margin ∆J = 2.7 MeV and ∆L = 16 MeV. More recent estimate by another group leads to J = 31.7 ± 3.2 MeV and L = 58.7 ± 28.1 MeV [10] . Unless something drastic happens for higher order terms in powers of (n B − n 0 ), the extrapolation of equations of state to ∼ 2n 0 leads to R 1.4 = 10-13 km. Meanwhile independent constraints for the 2-5n 0 domain come from heavy ion experiments [11] . Heavy ions experiments are most directly related to the properties of symmetric nuclear matter. The study of collective flows from heavy ion experiments at incident energy up to 10 MeV/nucleon, with the aid of transport models including neutron, proton, delta, and pions, has estimated the pressure up to ∼ 4n 0 [12] . More recently, equations of state for asymmetric matter to ∼ 2n 0 is estimated by analyzing the differential flows for neutrons and charged particles from 197 Au-197 Au collisions with the incident energy 400 MeV/nucleon in the FOPI-LAND experiment [13] . The experiment ASY-EOS further improved the precision [14] . The current estimate suggests that stiff equations of state are not compatible with the data, and they are consistent with soft equations of state leading to neutron star radius R 1.4 = 10-13 km.
All these results seem to suggest rather soft equations of state leading to R 1.4 < 13 km. But the X-ray analyses and heavy ion experiments, relevant for 2n 0 , still contain systematic uncertainties associated with the modeling, and further independent analyses based on different assumptions were called for. Such analyses in turn will also clarify the validity of the assumptions used in the previous analyses.
In this respect the neutron star merger events, one of which was, for the first time, discovered in 2018 (with the gravitational waves, GW170817 [5, 6] , the gamma-ray burst, GRB170817A [7] , and the kilo-nova signals, SSS17a/AT 2017gfo [8] ), are extremely valuable sources for static and dynamical aspects of neutron stars. In next 10 years much more events of the order hundred are expected to come, see a white paper [45] . In April 2019, the the LIGO-Virgo collaboration will start its third observing run, O3, to March 2020, and KAGRA may join the network toward the end of the O3 operation.
They contain several different stages in the evolution, see Fig. 3 . We outline how to obtain constraints and then comment on the values given in seminal works.
Initially the two neutron stars are widely separated and they can be treated as point particles. The spiraling motion depends primarily on the masses, and spins may enter as the higher order in the velocity expansion. The chirp mass, M = (M 1 M 2 ) 3/5 /(M 1 + M 2 ) 2/5 , as a combination of mass of each star is precisely determined, 1.188 +0.004 −0.002 M , which leads to the total mass, M GW170817 = 2.73-2.78M for plausible mass ratio M 1 /M 2 of 0.7-1.0.
They emit gravitational waves and after long time they come close each other. At distance of ∼ 100 km, the finite size effects become important; a star feels the tidal field from the other star and it causes the tidal deformation in each star. Such deformation in effect adds to the attractive force and hence accelerates the merging process. An important quantity in this discussion is the dimensionless tidal deformability, Λ = 2 3 k 2 (R/G N M) 5 (G N : Newton constant; k 2 : Love number [? ]), of each star before the coalescence. Clearly Λ is very sensitive to the compactness and radius of the star; smaller Λ for more compact stars. At leading order, the tidal deformabilities of neutron stars 1 and 2 enter the gravitational waveform in the combintatioñ
which depends on the total mass and the mass ratio between M 1 and M 2 . As far as stars are separated, the tidal effects may be taken into account as perturbations while their information is accumulated for a long time before the merger, thus they can be regarded as a clean signal with detectable strength; this is the frequency domain where the advanced LIGO-Virgo collaboration to O2 was able to detect in the GW170817 event. The obtained is the upper bound on Λ and in turn on the radius for a star with 1.4M .
When two neutron stars merge, the system enters the highly nonlinear regime, producing gravitational waves at high frequency of 1-3 kHz. The frequency strongly depends on the compactness of merged stars, and more compact stars produce waves at higher frequency. In this nonlinear regime the physics is very rich. Unfortunately right now the gravitational waves from this frequency domain were not detected by the detector sensitivity achieved in O2, but will be measurable after the detector upgrade. For this reason the fate of the merger is not fully conclusive, as we have not measured the collapse time. The merger promptly collapses to a black hole if the merger is too massive, while the merger survives for a while as a metastable state, either in the forms of hypermassive or supramassive neutron stars which supports materials by differential or rigid rotations, respectively, until the angular momenta and the magnetic fields are dissipated. A hypermassive neutron star survives for 10-100 ms if the mass is less than ∼ 1.5M max T OV (M max T OV : the maximum mass for a non-rotating star), while a supramassive star survives the collapse for longer time scale of ∼ 100 s if the mass is less than 1.2M max T OV . Therefore the measurement of the lifetime of the merger, together with the estimated remnant mass, can constrain the range of M max T OV ; remarkably it can constrain not only the lower bound as in previous studies, but also the upper bound.
Although the gravitational waves from post mergers were not detected, there are ample electromagnetic signals including the gamma-ray burst and kilonova. The luminosity of electromagnetic signals are sensitive to the ejecta from the merger process. The high mass ejecta of ∼ 10 −1 -10 −2 M was inferred from electromagnetic transient. The prompt collapse seems incompatible with the observed signals as they do not have much time to produce sufficient amount of the ejecta. Similarly the coalescence of too compact stars does not produce much ejecta either. This places the lower bound on the neutron star radius. Meanwhile whether the merger remnant was hypermassive and supramassive neutron stars is not fully clarified by the electromagnetic signals. Naturally it affects estimates of M max T OV . Shown in Fig.4 is a rough sketch of the constraints discussed so far (some of them are translated into the M-R relation). Now we quote some of estimates available in the literature.
The maximum mass should exceed the established lower bounds 1.928 ± 0.017M [1] or 1.97 ± 0.04M [2] . The constraints from GW170817 depend on the hypermassive and supramassive neutron star scenarios. In the former scenario, the constraints for the upperbound were obtained; 2.17M (Margalit and Metzger [46] ); 2.16 +0. 17 −0.15 M (Rezzola et al. [47] ); 2.16M (Ruiz et al. [48] ). Meanwhile another group favors a long-lived massive neutron stars with a torus to have a strong neutrino emitter, leading to higher mass, 2.15-2.25M (Shibata et al. [49] ). Another group also favors the long-lived supramassive star scenario to find a source to explain the late emission in the kilonova event (Yu et al. [50] ); this leads to (2.73-2.78M )/1.2 2.28-2.32M from the condition M GW170817 1.2M T OV . The diversity of these estimates will be settled by the direct measurement of the collapse time signaled by the gravitational waves at high frequency.
The lower bound of the neutron star tidal deformability, which is strongly correlated with the radius, was given by the condition for sufficient amount of ejecta consistent with the electromagnetic observations. Ref. [51] gave the constraintΛ 1.4 400 which excludes many equations of state leading to R 1.4 11.0-11.5 km. Those include the APR, one of the standard nuclear equations of state. We note that the constraint on the lower bound was based on the post merger dynamics. Meanwhile the upper bound is derived from tidal deformed phase in which the system is cleaner. The upper bound ofΛ was directly estimated from the analyses of gravitational waves as Λ 1.4 800 (CL90%), and it is translated to the radius constraint R 1.4 13.6 km. Useful summary in terms of M-R curves can be found in [52] .
Taking all these constraints together we believe it reasonable to conclude that the equations of state for neutron stars are likely to be the soft-stiff type. Next we will discuss the implications from the supposed equations of state.
Soft-stiff equations of state and quark-hadron continuity
The soft-stiff equations of state have rather peculiar structure ( Fig.5 ). In order to connect soft equations at low density to stiff ones at high density, there must be a domain where the pressure grows rapidly as a function of energy density. This means that the speed of sound (square), c 2 s = ∂P/∂ε, become large for the domain 2-5n 0 . But assuming the causality condition, the speed of sound must be smaller than the light velocity. This constrains the structure of P(ε) curves, and the condition becomes severer for softer-stiffer equations of state. In the context of the QCD phase structure, the strong first order phase transitions are disfavored as it significantly softens equations of state; at the phase transition point the pressure stays constant but the energy density jumps, leading to c 2 s = 0. In contrast the soft-stiff equations of state demand the appearance of peaks in c 2 s exceeding the conformal limit 1/3, provided that the equations of state eventually approach the pQCD result with c 2 s 1/3 at high density. If there are first order phase transitions there must be even stronger peaks nearby the phase transition points; otherwise the softening induced by the first order phase transitions cannot be compensated. For more systematic arguments we refer to [53, 54] .
This situation leads us to the picture of quark-hadron continuity in which hadronic matter continuously transforms into quark matter, without experiencing sharp thermodynamic phase transitions between distinct phases.
Such continuity picture was developed in the context of the crossover from the superfluid hadronic phase with hyperons to the color-flavor-locked superconducting phase [55] . In this argument the quantum numbers carried by hadronic degrees of freedom find their counterparts in quark matter. This scenario was revisited with questions concerning the dynamics [56, 57] , where the U A (1) anomaly, or more concretely the interplay between the chiral and diquark condensates, plays the key role. These studies are based on theoretical considerations and model calculations. In contrast we have reached the continuity picture in attempts to understand the neutron star constraints in a way consistent with the nuclear and hadron phenomenology.
Our way of using the terminology "continuity" is somewhat looser than the previous theoretical studies; right now the strict connection between order parameters in hadronic and quark matter is not our primary concern, as far as these order parameters do not change the thermodynamics of the system drastically. For instance the appearance of gaps of nuclear scale 1-10 MeV in superfluid phases is, for the moment, not crucial ingredients in our arguments. They will be more critical when we proceed to the discussion of the neutron star cooling.
On the other hand we do care the connection to hadron phenomenology at QCD scale Λ QCD ∼ 200 MeV appearing in the hadron mass splitting and nuclear forces at short distance. We will come back to this point when we introduce a schematic quark model.
The three-window modeling: general remarks
Based on the quark-hadron continuity picture we will construct equations of state within three-window modeling. The physical picture was already described (see Fig.1 ) so now we turn to the practical use ( Fig.6) .
First of all we need to choose which functions to be interpolated for which variables. The best combinations are either P(µ B ) or ε(n B ), from which all the other thermodynamic quantities can be derived. If we were to use P(ε), we cannot derive n B from this function and we need to introduce another interpolation for n B . Two independent interpolating functions are very likely incompatible with the thermodynamic consistency and should be avoided. We choose P(µ B ) throughtout.
We use a nuclear equation of state to n B ∼ 2n 0 but beyond which stop using it as the systematic uncertainties are uncontrollable. At high density we use a quark equation of state but stop using it below ∼ 5n 0 as the confining effects, whose descriptions were not established, should play crucial roles. Then we interpolate these equations of state with FIGURE 6. The hybrid equations of state in conventional (left) and three-window modeling (right). In the conventional modeling the quark pressure adopted in the figure is not acceptable while in the three modeling is used as a physical candidate supplying the boundary condition for the interpolated curve. polynomials [29] 
Clearly the form chosen is just one choice of interpolating functions. If we wish, we can use pressure curves including small kinks to describe the first order phase transitions, but the effects of kinks should be small according to the constraints discussed in the previous section. Therefore smooth curves are taken to be our baseline. To determine the coefficients c n 's, we first compute n B = ∂P/∂µ B and ∂ 2 P/∂µ 2 B , and then demand, at n B = 2n 0 and 5n 0 , the interpolating function to match with hadronic and quark equations of state up to the second order derivatives of P(µ B ). Therefore we have introduced six coefficients, c n 's. In addition the coefficients c n 's must be such that (i) P(µ B ) is convex and has the positive curvature everywhere; (ii) the growth of P(µ B ) cannot be too slow for increasing µ B , otherwise it would violate the causality condition. The pressure curves which do not satisfy these constraints are unphysical. We emphasize that we are using hadronic and quark equations of state only as the boundary conditions; in particular we do not superpose two different equations of state for the intermediate region, as each equation of state outside of the domain of applicability might show unphysical behaviors.
At this point it is important to emphasize the difference between the three-window modeling and conventional hybrid construction. The latter is based on the assumption that there is a domain where both hadronic and quark matter descriptions are reliable. Then one can describe the first order phase transition from hadron to quark matter by comparing the pressures at given chemical potential, P H (µ B ) and P Q (µ B ), respectively, and specify the location of the phase transition by the intersection point of two curves. But this procedure by construction strongly biases the possible type of quark equations of state for a given hadronic equations of state, as the chosen P Q (µ B ) must intersect P H (µ B ) from below. Typical combinations are such that the phase transition happens at 2n 0 , so in such modeling we implicitly reject some of quark equations of state by the hadronic ones extrapolated beyond the domain of applicability. Such construction has danger to introduce unphysical constraints on the properties of quark matter.
More conservative way of hybrid construction is the three-window modeling, in which one uses hadronic and quark equations of state only within the domain of applicability, and considers most general curves for intermediate region by using the boundary conditions given by hadronic and quark equations of state. The utility of this consideration is that one no longer has to compare hadronic and quark equations of state directly using the extrapolation of both. This in turn allows us more general class of quark equations of state, some of which have been rejected in the conventional construction. In particular they can accommodate stiff quark equations of state even when we start with soft hadronic equations of state at low density. Indeed unless we demand the quark pressure curves to intersect the hadronic ones from below, there is no strong reason to regard quark equations of state to be soft, as one can already see from the example of a bag model with small a bag constant.
Finally we mention another interpolating procedure in which hadronic equations of state of 1.1n 0 and pQCD one of 50n 0 are interpolated [52] . These works have much more predictive characters than ours including the evaluation of systematic errors; they can be regarded as suppliers for the constraints. In contrast, our modeling starts with the constraints given by several conditions, especially because quark equations of state in neutron star domains cannot be calculated in a quantitative manner from the first principle. Rather our purpose is to delineate the properties of matter satisfying the given constraints. For this reason we will use a schematic quark model with adjustable parameters whose structure is inspired from the hadron and nuclear physics so that one can imagine how the physics at low density is connected to the quark matter region. Also since the model is described in the language of quarks, its connection to the pQCD equations of state is rather easy to imagine. While our use of three-window modeling has more postdictive character, once basic ingredients are specified during equations of state at zero temperature and at βequilibrium, we can predict equations of state in other circumstance, including equations of state at finite temperature, at general isospin fraction, at general strangeness fraction, and so on. Such studies are on-going.
From the next section we discuss the actual construction based on the three-window modeling. The most updated one is the Quark-Hadron-Crossover 2019 (QHC19) [16] whose tables can be found at [https://compose.obspm.fr/eos/140/]. We briefly summarize the key features of the Togashi equation of state. The way of computations is very similar to the APR which is one of the standard microscopic nuclear equations of state. In short, Togashi's calculations replace some of calculations of the APR with phenomenological ones, but instead significantly extend the range of calculations of the APR to finite temperatures and general proton fractions. As we plan to cover various temperatures, proton fraction, and strangeness fraction in future computations, the Togashi's microscopic computations are suitable for our purposes. In particular since wide domains are computed in the same microscopic forces, there is no matching problem. This is the great advantage as the patching different equations of state with different region of applicability easily violates the thermodynamic consistency. This patching problem becomes more difficult if we have more thermodynamic variables such as temperature, proton fraction, and so on.
QHC19: the nuclear part
The calculations by Togashi et al. are based on a Hamiltonian including two-body interactions extracted by fitting two-nucleon experimental scattering data, as well as more empirical three-body interactions fit to light nuclei. With these inputs Togashi et al. solved the many-body problem by choosing a variational wave function with parameters determined by minimizing the total energy. The general form of the wave function is that of a free Fermi gas multiplied by factors that build in two-particle correlations dependent on the relative spin, isospin, and orbital angular momentum of the two-particles.
The calculations of the Togashi cover from a crust to a nuclear liquid with the same microscopic forces. The crust part is calculated with the Thomas-Fermi method by assuming that a single species of heavy spherical nuclei form a BCC lattice surrounded by a gas of nucleons [58, 59] . The crust extends to density 0.625 n 0 . As reported in Ref. [60] , the properties of neutron star crusts calculated with the Togashi equation of state are consistent with those in previous studies [61, 62, 63] .
It is useful to compare the results of Togashi's and the APR at the saturation density. (As for the APR, the numbers cited below are calculated from the fit function in the original APR paper [17] .) The saturation energy is 16.1 MeV in Togashi vs. 16 .0 MeV in APR, and the incompressibility, 245 vs. 267 MeV in APR. Near n 0 , SNM in the Togashi equation of state is slightly softer than in APR, as the smaller values of the symmetry energy J = 29.1 vs. 34.0 MeV in APR, and the slope parameter, L = 38.7 vs. 63.2 MeV in APR. In neutron stars, the Togashi equation of state is slightly stiffer at higher densities than APR, as seen in the radii, R 1.4 = 11.6 km for Togashi vs. 11.5 km for APR, and the tidal deformability, Λ 1.4 = 360 vs. 268 (for the crust in APR we need to choose some crust equations of state and we used the Togashi equation of state for n B ≤ 0.26n 0 ).
As usual, we couple nuclear equations of state to the charged leptonic one, impose the charge neutrality condition, and then optimize the value of proton fraction to minimize the total energy of the system.
QHC19: the quark part
The quark matter part at density less than ∼ 50n 0 has not been directly accessible from the first principle calculations and one needs some theoretical orientation for a schematic description. Here we use the quark-hadron continuity as our guideline. Following this picture the structure of effective models should be imported from those for hadron physics.
Before presenting the explicit form of our model, we first summarize the physics supposed to be relevant at n B 5n 0 . Here we consider another "three-window" description of a hadron 1 inspired from the arguments originally given by Manohar and Georgi [64] and later revised by Weinberg [65] . The three window consists of the physics of (i) the confinement for the momentum scale of 0.2 GeV (or distance 1 fm); (ii) the constituent quark dynamics for 0.2-1 GeV (0.2-1 fm); (iii) the partonic dynamics for 1 GeV ( 0.2 fm). The regime (i) is characterized by the color-electric flux among color charges; for instance the potential between an infinitely heavy quark and an antiquark separated by a distance r is a linear rising one, V(r) ∼ σr, where σ ∼ 1 GeV/fm is the string tension. In the regime (ii) quarks are treated as if they are quasi-particles with the effective masses of M u,d ∼ 300 MeV and M s ∼ 500 MeV generated through the chiral symmetry breaking, interacting with the other quarks inside of a hadron through few gluon exchanges. This description has been very successful in the hadron spectroscopy in spite of its simplicity. Finally in the regime (iii) we resolve the structure of constituent quarks in space and in time and effective quark masses look the current quark mass m u,d ∼ 5 MeV and m s ∼ 100 MeV. Our modeling below will be based on these pictures.
First of all we have not been unable to reliably model how confining forces change from low to high density. The modeling may be simplified, however, once baryons sufficiently overlap. There the color charge can be almost uniformly distributed so that the length of color-electric flux is short and therefore should not contribute significantly to equations of state (but may contribute to non-bulk quantities involving the transport of colors). A simple model to test this picture is QCD in one-space and one-time dimension in which the color fields are squeezed in one direction and therefore forms a linear rising potential. In the limit of the large number of colors where the string breaking effects are quenched, analyses of this model at finite density [66, 67, 68, 69] show that the equation of state is largely saturated by the free quark gas contribution, in spite of the presence of confining color-electric flux. With this we restrict the applicability of our modeling to the density beyond ∼ 5n 0 and omit the detailed discussions about confinement. Now the most relevant for our studies of the neutron star domain is supposed to be the physics of momentum scale of 0.2-1 GeV (0.2-1 fm). The relevant ingredient is the chiral symmetry breaking and one-gluon-exchange between quarks. We include those effects in a crude way through contact interactions in which momenta in the gluon exchange is fixed to a typical non-perturbative scale of 0.2-1 GeV; as a consequence the description has the cutoff scale of ∼ 1 GeV, beyond which the coupling constant in front of the contact interactions should significantly drop. Keeping these qualifications in mind, now our effective Hamiltonian is (
The first line is the standard Nambu-Jona-Lasinio (NJL) model with u, d, s-quarks and responsible for the chiral symmetry breaking. We use the Hatsuda-Kunihiro parameter set [70] which leads to the dynamically generated quark masses of M u,d 336 MeV and M s 528 MeV as functions of the current quark mass matrix m, the scalar coupling G s , and the coefficient of the Kobayashi-Maskawa-'t Hooft vertex, K. The hadron phenomenology to mesons is successfully described within the Hamiltonian in the first line of Eq.(4). Meanwhile the terms in the second line are particularly important when baryons are taken into account. The first term includes the color magnetic interaction for color-flavor-spin antisymmetric S-wave interaction which is attractive. The last term is a phenomenological vector repulsive interaction which is inspired from the ω-meson exchange in nuclear physics. The applications of the NJL model to the physics of dense QCD to the year 2005 are summarized in a review [71] . While the form of the Hamiltonian is obtained by extrapolating the description of hadron and nuclear physics, in principle the range of parameters (G s , K, g V , H) at n B ≥ 5n 0 can be considerably different from those used in hadron physics due to e.g. medium screening effects. In strongly correlated region the estimate of medium modifications is difficult; for instance screening masses in two-color QCD, measured in lattice QCD [25] , are qualitatively different from the perturbative behaviors [72] . For three-color QCD quantitative estimates on medium modifications are not available, so here we use the neutron star constraints to examine the range of these parameters, and then use them to delineate the properties of QCD matter at n B ≥ 5n 0 . Below we vary (g V , H), while assume that (G s , K) do not change from the vacuum values appreciably; this assumption will be favored posteriori. More elaborated treatment is to explicitly treat the medium running coupling g V (µ B ), as demonstrated in Ref. [73] .
Our Hamiltonian for quarks, together with the contributions from leptons, is solved within the mean field approximation. As usual we impose the neutrality conditions for electric and color charges as well as the β-equilibrium condition. All of these are achieved by introducing the charge and color chemical potentials as Lagrange multipliers. In the mean field treatments we find that the chiral and diquark condensates coexist at n B ≥ 5n 0 . (For thorough review we refer to [74] .) For the range of parameters we have explored, the diquark pairing always appears to be the colorflavor-locked (CFL) type at n B ≥ 5n 0 ; other less symmetric pairings such as the 2SC type (in which only up-and down-quark pairs form the condensate) appear only at lower density where the confining effects should be significant.
The roles of effective couplings
Now we examine the roles of effective interactions by subsequently adding g V and then H to the standard NJL model [29] . First of all, in order to make equations of state stiff, (G s , K) @5n 0 should remain comparable to the size of its vacuum values; the large reduction of these parameters accelerates the chiral restoration that yields contributions similar to the bag constant of 50-200 MeV/fm 3 , i.e., the positive (negative) contributions to energy (pressure). As a result the significant softening takes place in equations of state. So we fix (G s , K) to the vacuum values. Actually even after making such choice, the strong 1st order chiral transition takes place at n B ∼ 2-3n 0 in the standard NJL model, so the equations of state at n B ≥ 5n 0 is too soft to pass the 2M constraint. This situation is changed by adding g V . It stiffens the equations of state in two-fold ways. Firstly the repulsive interactions contribute to the stiffening. Secondly, it delays the chiral restoration by tempering the growth of baryon density as a function of µ B , so that there is no radical softening associated with the chiral restoration. In fact the 1st order transition turns into a crossover in the range of g V we explored. The value of g V large enough to pass the 2M constraint, however, causes another kind of problem in connecting the nuclear and quark model pressure, see the first panel of Fig.8 ; with larger g V quark pressure P(µ B ) tends to appear at higher µ B with the less slope, and as a consequence the pressure curve in the interpolation region tends to contain an inflection point at which ∂ 2 P/(∂µ B ) 2 is negative. Such region is thermodynamically unstable so the curve with large g V must be excluded. Therefore while larger value of g V is favored to pass the 2M constraint, it generates more mismatch between the nuclear and quark pressure in the µ B direction.
Here the color magnetic interactions improve the situation, see the second panel of Fig.8 . We note that the onset chemical potential of the nuclear pressure is the nucleon mass µ B 939 MeV, while for the NJL pressure it is µ B 3M u,d 1018 MeV. In conventional picture of quark models, the nucleon and ∆ masses are split by the color-magnetic interaction, and the nucleon mass is reduced from 3M u,d . From this viewpoint, the color magnetic interactions naturally induce the overall shift of the NJL pressure toward the lower chemical potential, thus make the matching between the nuclear and quark pressure curves much better.
Finally we comment on the low density behavior after the overall shift. At a given chemical potential the resulting quark matter pressure can be larger than the nuclear one. If we take the quark matter curve for 5n 0 at its face value, we must reject such parameter sets. As we emphasized, however, we do not regard this situation as a problem at all. In reality the confining effects do not allow dilute quark matter and hence discard artificial pressure. In this picture we even think that the quark matter pressure without confining effects should approaches the nuclear one from above.
The range of effective couplings
Now we explore the range of effective couplings (g V , H) that fulfil all the required constraints discussed so far.
First we specify the range where the speed of sound is physical. Shown in the left panel in Fig.9 is the maximum of the sound velocity in the interval 2-5n 0 . In the domain left blank the speed of sound is unphysical. There is a strong correlation between the range of g V and H; for larger g V we need larger H. The reason should be clear from the first two figures in Fig.8 and the (n c B /n0)|M max FIGURE 10 . The maximum mass (left) and the core baryon density (right) of neutron stars for a given (g V , H).
1.55) (set C); and (1.2, 1.61) (set D). The speed of sound square as functions of n B for sets A-D are shown in the right panel in Fig.9 . The results of the APR and Togashi equations of state are also shown. They violate the causality for 5n 0 . Meanwhile the QHC19 for the sets A-D have peaks or bumps for 2-5n 0 . The slowly growing behavior beyond 5n 0 are likely artifacts of keeping the form of contact interactions. We expect that in more realistic treatment of gluon exchanges the contact interactions are gradually weakened as the density increases, and the speed of sound square approaches 1/3. This part is being investigated [77] . The Schwinger-Dyson approach can be used to improve the connection to the pQCD equations of state [78] .
Next we examine the maximum of the neutron star masses, as shown in the left panel of Fig.10 . It shows that g V /G s should be larger than 0.6-0.7, otherwise the maximum mass does not exceed 2M . Correspondingly H/G s must be bigger than ∼ 1.35. We found that such choice of H leads to the diquark gap of ∼ 200-250 MeV at n B ∼ 5n 0 . Within our approach the largest maximum mass is found to be 2.35M where the domain of H is about to terminate.
Shown in the right panel of Fig.10 is the core baryon density, n c B . For a given g V , a larger H leads to the larger n B . This is natural because the diquark pairing favors the larger Fermi surface to create pairs as much as possible for the reduction of the total energy of the system. For the similar reasons, larger g V for a given H reduces n c B . It is remarkable that in the entire domain we have explored the core density reaches the baryon density larger than 5n 0 . Meanwhile with the 2M constraint the core density n c B does not exceed 8n 0 . But it should be kept in mind that, if we use nuclear equations of state stiffer than the Togashi's around 1-2n 0 , the core density can be smaller than the current estimate as the stiffness before reaching 5n 0 makes the neutron star bigger in size.
The M-R relations are shown in Fig.11 for the sets A-D, together with points indicating where the core densities of 2n 0 and 5n 0 are reached. The radius R 1.4 of a neutron star is 11.6 km, mainly determined by the Togashi equations of state. The quark model parameters varied for the entire allowed range affect R 1.4 by 0.5 km at most. Meanwhile the maximum mass is sensitive to the quark model parameters, as it should. Shown in Fig.11 is a band for the equations of state inferred from the bayesian analysis by aLIGO collaboration [75, 76] . We put the equations of state QHC19 for the set A-D. The analyses by the aLIGO took the SLy equations of state at low density, and use the constraints from the tidal deformability and the 2M . By construction the QHC19 is largely consistent with the band. But more important is how the QHC19 has been made from our quark model as explained in the previous section. We have clarified the relation between the equation of state and effective interactions which are familiar for people working on the QCD phase diagram and hadron physics. Although the estimate of these interactions are still rather crude due to our simplifications in treating the gluon exchange, the overall conclusion is that the strength of effective interactions is as strong as those in vacuum.
Discussion: strangeness and speed of sound
We close this article with several remarks for the future improvements of our modeling.
(i) As we consider the interpolation only for the function P(µ B ), our method does not directly specify the particle contents in the domain 2-5n 0 . But still we can infer what would happen by looking at the flavor content at 5n 0 . We found that the QHC19 with (g V , H) compatible with the constraints have (almost) equal numbers of up-, down-, and strange-quarks at ≥ 5n 0 . This is in part due to the fact that the baryon chemical potential µ B for 5n 0 already exceeds 1.5 GeV ( 3M vac s ), and beyond the threshold the density of strangeness can quickly catch up the densities of up-and down-quarks. In addition the diquark pair correlations are the strongest in the CFL form in which the diquark pairing minimizes the representations of flavor, color, and spin in the system to reduce the corresponding charges. The equal population of u, d, s-quarks makes the wavefunction of the system the S U(3) flavor singlet. Since the electric charges of up-, down-, and strange-quarks are 2/3, −1/3, and −1/3, respectively, the physics of QCD by itself achieves the charge neutrality condition and hence there is almost no charged leptons. This is in sharp contrast to the nuclear matter description based on particle contents, npeµ, extrapolated to ∼ 5n 0 . In order to connect the nuclear and quark matter descriptions we must assume the lepton fraction to decrease toward the quark matter domain. The onset of the strangeness is important for the neutron star cooling as it is sensitive to the lepton fractions, the presence of gaps, and so on. The strangeness is also important to examine the relationship between the neutron star physics and the physics of heavy ion collisions at low energy; in the latter the time scale is sufficiently long for up-and down-quarks to produce the strangeness via weak processes, while in the latter the time scale is too short for the weak processes and the net strangeness is fixed to ∼ 0 as in the initial condition before the collisions.
(ii) We have not attempted to directly model how baryonic matter transforms into quark matter. This is the most important and difficult question. There are a number of researches toward a unified description from the structure of hadrons to quark matter matter properties [79, 80, 81] . Taking a unified description there should be no matching problem between different equations of state although the actual calculations become complex and some assumptions must be introduced. The Refs. [80, 81] particularly focus on the question of how the supposed enhancement of the sound velocity for the nuclear-to-quark matter region can be explained. In [80] the baryons and baryonic matter are based on Skyrmions which reveal the structural changes around 2-3n 0 . Meanwhile the description of [81] is based on the quarkyonic matter hypothesis [82, 83, 84] in which the matter has the quark Fermi sea with the baryonic Fermi surface which is due to the confining forces. This scenario is more directly related to our descriptions as it addresses how the quark or nucleon Fermi seas are formed. The idea is fundamental and we briefly sketch it here (although it will be presented in a bit different way than the original).
At low baryon density n B Λ 3 QCD , quarks are trapped in baryons and the quarks there have typical momenta of k q ∼ Λ QCD . But momenta of N c -quarks are added up to much smaller total momentum of a baryon, K B . Thus
Quarks do not directly contribute to the pressure as the confinement forbids, but do contribute to the energy of baryons. Hence in this regime P ∼ n 5/3 B /(N c Λ QCD ) ε ∼ (N c Λ QCD )n B and the equation of state is very soft. Adding baryons to the system, the baryon Fermi sea is filled from low momentum states with the occupation probability f B (K B Λ QCD ) ∼ 1, while the quark Fermi sea at low momenta is not fully occupied as quarks inside of a baryon have rather broad momentum distribution normalized to one. Hence the Pauli blocking at the quark level is not important here.
As the baryon density approaches ∼ Λ 3 QCD , however, the quark momentum distributions of baryons are accumulated for low momentum states and start to saturate the possible occupation number. Here K B ∼ k q ∼ Λ QCD . At this stage one should address not only the Pauli blocking at the level of baryon quantum numbers but also the internal quantum numbers; baryons cannot be added to the system as in free fermions (even if we artificially switch off the baryon-baryon interactions).
After quarks saturate the low momentum states, the quark Fermi surface must be pushed outward and quarks start to have momentum k q Λ QCD . Meanwhile if N c -quarks move collectively in the same direction as a baryon then the total momentum is K B ∼ N c k q . But the growth of the baryon number must be consistent in the quark and baryon descriptions. This demands the baryon occupation number f B (K B ) at K B Λ QCD to satisfy
With this occupation number probability, the baryonic description keeps the baryon number of O(1) while induce larger energy density as baryons occupy high momentum states. In quasi-particle picture for baryons it is
which readily leads to P ∼ N c n 4/3 B . This estimate is consistent with that based on quark calculations; we could reproduce it within the baryonic picture by assigning the correct occupation probability of baryonic states. The large N c arguments are used to characterize the overall tendency of the occupation probability, leaving aside the other unimportant factors.
Thus, around the density where the quark occupation probability starts to get saturated, within small window in n B the pressure changes radically as ∼ n 5/3 /(N c Λ QCD ) to ∼ N c n 4/3 B while the energy density changes much more smoothly. In intuitive terms: whether or not the matter is baryonic, the system always observes the quark contributions to the energy density, through the baryon mass at low density or direct contributions at high density, and hence radical changes do not take place. In contrast the system does not observe the quark contributions to the pressure because of the confinement, until the density becomes high enough; at some point the system starts to observe the energetic quarks which have been hidden inside of baryons. This occurs within small window of n B or ε, and therefore leads to a large dP/dε in this transition regime. After the transition regime dP/dε is relaxed back to the quark gas limit.
Actually having a peak in c 2 s exceeding 1/3 is not the sufficient condition to pass the 2M constraint; this can be recognized from Figs.9 and 10, where some set of parameters lead to the peak in speed of sound close to the causal limit but does not lead to the maximum mass exceeding 2M . But the above arguments do help us to understand why the microscopic considerations based on quarks can lead to the peak in the speed of sound without invoking the nuclear interactions comparable to the nucleon mass. We also expect the quark descriptions to solve the problems found in pure hadronic descriptions, including the hyperon softening, but this will be discussed elsewhere.
To summarize, the physics of neutron stars, heavy ion collisions, and nuclear experiments at low energy are very helpful for the understanding of the structure of cold, dense QCD.
